Artinian quotient rings of group rings  by Brown, Kenneth A
JOURNAL OF ALGEBRA $9, 63-80 (1977) 
KENNETH A. BRQWN 
1. INTRODUCTION 
An element x of a ring S &Ii be called regular if its right and left annihilators 
in S, rs(x) and Is( x ) , are both zero. If the regular elements of S satisfy the right 
re condition, then S has a classical right quotient ring, which we shall denote 
by Q(S), [23, Chap. II, Prop. 1.6]. Necessary and s~~c~e~t ~ond~t~o~s in S for 
g(S) to exist and be right Artinian have been given by Small [19, 20-J 
Iin this paper we are concerned with the question of when the group ring 
has a right Artinian right quotient ring. Hughes [IO], extending results of Smith 
[X2], has shown that if G is a group with an ascending series 
where p is an ordinal, Ha 4 H,, , HCi,/‘rP, is either finite or infinite cyclic, and 
Hu+,/H~ is finite for only finitefy many ordinals a, 0 < 01 < p, and if R has a 
right Artinian right quotient ring, then RG has a right Artinian right quotient 
ring. Our main theorem is an extension of this result. To state it, we require 
some rotation, which will remain fixed throughout. 
Let be a class of groups. As in [17, Chap. 11, will denote closure 
operat s on classes of groups, defined as follows. If G is a group, G E 
has an ascending series with factors in 93; GE ~59 o every finitely 
G is contained in a sub~ro~~~ of G whkch is a mennbe~ 
= <p, k), so that B is the closure operation generated b 
oted that the B-closed classes of groups are precisely t 
- and E-closed [17, Chap. I, p- 51. 
We shall be concerned in particular with two &asses of groups, the class of 
torsion-free Abelian groups, which we denote by QZ, , and a larger class, which we 
denote by B, and which is defined as foilows. A group G is a member of the 
c!ass if and only if G has an ascending series 
1 =~*CN;C~~~CN,CN,+,C~~~C 
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where p is an ordinal, and for all ordinals ol, 0 < 01 < p, H, 4 H,+, , HJH, is 
either finite or a member of B‘iH,, , and H,+,/H, is finite for only finitely many 
ordinals 01. If G E !B, we shall denote by mo the least integer occurring as the 
product of the orders of the finitely many finite factors appearing in a series of 
type (1) for G. We can now state 
THEOREM A. Let R be a ring, G a group with a normal subgroup H such that 
G/H E % and’RH has a right Artinian right quotient ring of right Goldie dimension Y. 
Then RG has a right Artinian right quotient ringQ(RG) of riglt Goldie dimension at 
most r . mcjH. 
Of course, it is completely straightforward to deduce in addition that if R and 
G are as in Theorem A and RG is semiprime (respectively, prime) then Q(RG) is 
semisimple (respectively, simple). It is well known that if a ring S has both a 
right and a left quotient ring, they coincide. We shall reserve the phrase “S is an 
order in Q(S)” for this situation. Thus, in the notation of Theorem A, if RH has 
a (two-sided) Artinian quotient ring, then RG is an order in Q(RG), which is 
Artinian. 
A ring S is quasi-Frobenius (QF) if it is right Artinian and right self-injective; 
it can be shown that S is then left Artinian and left self-injective [23, Chap. XIV, 
Sect. 31. Horn [9] h as shown that if G is a polycyclic-by-finite group and R is a 
Noetherian order in a QF-ring, then RG is an order in a QF-ring. We extend this 
result to 
THEOREM B. Let R, H, and G be as in Theorem A, and suppose RH is an order 
in a QF-ring. Then RG is an order in a QF-ring. 
If a ring S has a classical quotient ring Q(S), which is quasi-Frobenius, then 
Q(S) is the maximal quotient ring of S, [23, p. 2901, and Q(S), is the right 
injective hull of S. Thus, for example, if K is a field and G E !B, then Q(KG) 
is the injective hull of KG,, and of K,KG. 
We prove Theorem A in Section 2, and Theorem B in Section 3. In Section 4 
we discuss various consequences of Theorem A. First, in Theorem C, we show 
how it applies to group rings of soluble groups. Unfortunately, Theorem A is 
not sufficiently powerful to determine which group rings of soluble groups are 
orders in Artinian rings, as we show by an example (Example 4.1). We use this 
example to answer a question of Lazard [13] on projective modules which are 
not finitely generated. Finally, we use a wreath product construction to show 
that if R is a commutative domain and G E !B, then RG is a subring of a simple 
Artinian ring (Theorem 4.2), so that in particular if G E !B, then G is linear over 
a division ring of arbitrary characteristic. 
The results of this paper will form part of the author’s Ph. D. Thesis at the 
University of Warwick. I would like to thank my supervisor, Dr. Charu 
ARTINIAN QUOTIENT RINGS 65 
ajarnavis, for his help and encouragement; I would also like to thank Dr. 
artley for several very helpful conversations. 
Thanks are also due to the Science Research Council and to Giasgow 
University, for their financial support. 
2. PROOF OF THEOREM A 
In common with Hughes’ result [IO], Theorem A depends on a theorem of 
Jategaonkar, [I 1, Theorem 1.3], which states tbat a twisted ~ol~r~~rn~al ring over 
a right order in a right Artinian ring is again a right order in a right Artinian 
ring. From this result, we are able to deduce Lemma 2.6, and to obtain 
Theorem A we have to show that Lemma 2.6 remains true when (9X9, n
class of finitely generated torsion-free *~be~i~ groups, is replaced by the class 
SK0 . This is proved in Theorem 2.9, and Theorem A is an easy consequence of 
this result. 
We begin with a lemma which may seem self-evident, but nevertheless we 
state it explicitly as it illustrates the type of argument we shall use several times 
in this section. 
LEMMA 2.1. Let $3 and X be group c&m-es wbz satisfy the ~~~~~ti~~s: 
(ii> Jar all group &asses !!j contained aiz BJ, 
q3-J = ‘p * ~(~~) = 
(iii> Jar all group classes CT) contained if-2 
Then 
Roof. Let 6 be the class of all groups G such th 
X C G. Put % ~-7: B n BX. Then by (ii> and (iii), 2 is 
: definition the smallest & and L-closed class containing E, we must 
C 2, and thus BX _C 6, as required. 
If S is a ring, N(S} will denote the nilpotent radical of S. 
LEMMA 2.2. Let R be a ring. Let YJ be afly dass of groups s~t~s~~~g f&e 
~ypot~es~s that if L is a normal subgroup of a group M such that M/L E 
N(RL) is nilpotent, then N(RM) = N(RL)RM. 
Then (i) if R is a subgroup of a group G such that (a> t&eve exists nn ~se~~~~~~ 
series 
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where p is an ordinal, H, (1 I$, and H&Ha E 9, 0 < 01 < p, and (b) 
N(RH~ = 0, for some integer n 3 I, 
N(RG) = N(RH)RG and N(RG)” = 0; 
(ii) if H is a normal subgroup of a group 6, such that G/H E Lg, and 
N(RII) is nilpotent, 
N(RG) = N(RH)RG. 
Proof. (i) W e p rove the result by induction on p. Suppose that N(RG) # 
N(RII)RG or N(RG)” # 0, and let 01 be minimal (0 < 01 < p), such that either 
WRf&) # N(RH)RH~ or N(RH*p f 0. Clearly a must be a limit ordinal; but 
in this case, if & E ~(~~), 1 < i < n, & E N(RH~) for some y < a, 1 < i < FZ, 
so that ny=, ,!$ = 0, and for a’ = 1 ,..., n, pi E N(RH)RH, C ~(RH)RH~ . Thus 
N(RIIJ = N(RI$)RH, , and N(RH,)n = 0, and this contradiction proves the 
result. 
(ii) This is clear. 
If S is a ring, the Goldie d~rnen~o~ of a right S-module M is the greatest 
integer n such that there exists a direct sum of 9~ nonzero S-s&modules of M, 
or 00 if no such integer n exists. The right Goldie dimension of S is the Goldie 
dimension of 8s . 
LEMMA 2.3. Let R be a ring, H a ~bgyo~~ of a grot@ G. Then 
(i) right G Id’ d‘ o ze zmension of RH < right Goldie dimension of RG; 
(ii) Tight G Id’ 6’ o ze zmension of RG = supr(right Goldie dimension of RT], as 
T ranges over all subgroups of G such that T = (H, x1 ,..., x,>, where xi E G, 
I <i<m; 
(iii) if there exists a series 
II= H,CH,C...C~~CH,,,C...CH, = G, 
where p is a% ordinal, and for all ordkals 01, 0 < a! < p, right Goldie dimensiola 
RI?& = right Goldie d~men~on RHa+l ~ it follows that right Gold& d~rne~io~ of 
RG = right Goldie d~rne~~on of RN. 
Proof. (i) It is sufficient to note that if I1 ,..., I, are right ideals of RH whose 
sum is direct, then Cyz”_, IiG is a direct sum of right ideals of RG. 
(ii) By (i), we need only show that the right-hand side of the identity is 
greater than or equal to the left-hand side. If P1 ,..., Pt are nonzero right ideals of 
RG whose sum is direct, then choose 0 f ai E Pi , i = l,.. ., t, and put 
T = (H, supp a+,: 1 < i < t>. Then Ci=, aiRT is a direct sum of nonzero 
right ideals of RT, and (ii) follows. 
(iii) This follows by a straightforward transfinite induction, using (ii) te 
deal mith limit ordinals. 
If S is a ring with a right quotient ring Q(S), it is seen easily that the Goldie 
dirne~s~o~ of S, equals the Goldie dimension of @(S)o(S~ . Let R be a ring with 
a right ~rt~~~an right quotient ring of right @oldie ~~rn~~s~~n n. For each 
integer m 3 nT we shall denote the class of groups G such that RG has a right 
Artinian right quotient ring of right Goldie dimension at most m by 
TP‘he next lemma will be crucial in our application of Lemma 2.2. In its proof 
shall use the well-known (and easily checked) fact t KG is a group ring, 
is a subgroup of 6, and cz is a regular element of then cx is a regu?ar 
element of KG. If S is a ring, we shall write g,?(O) for the set of regu!ar elements 
af s. 
61 I = ~,~(R) ; 
(ii) = ~.~(R). 
Pmof. (i) Let Hb e a normal subgroup of a group G such that H E 5&(R) and 
E Lg. We must show that G E ‘$4,(R). 
(a), if T is any subgroup of G such that T >_ 6% and T/N is finitely generated, 
exists a subgroup T’ 2 T such that RT’ satisfies the right Ore condition, 
so that, since elements of RT’ are regular in RT if and only if they are regular 
in RG, RG has a right quotient ring. In fact, we can view CIfRG) as UT, Q(R T), 
where the union is taken over a11 such subgroups T’. New it follows from 
Lemma 2.3 that the right Goldie dimension of WG (and so of ~(~G))~ is 
at most m. Hence to prove (i) it will be sufficient to show that I is right 
Artinian. 
has a right Artinian right quotient rmg ~(~~), ~~(~~) is nilpotent, 
Thus by hypothesis (b), applying Lemma 22(ii), N(RG) = -~(~~)~G. Ciearl~r, 
so that in particular N(Q(RG)) is nilpotent, and finitely generated as a right ideal, 
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since Q(RH) is right Artinian. It follows that to prove Q(RQ) is right Artinian, it 
is enough to show that Q(RG)/N(Q(RG)) is Artinian. 
We claim that Q(RG)/N(Q(IIG)) is von Neumann regular. Let 
a = UC+ E Q(RG)\N(Q(RG)), 
where a, c E RG and c E g&O), and choose T 2 (H, supp a, supp c), T/HE y. 
Thus by hypothesis Q(RT) exists and is right Artinian, ol E Q(RT), and 
NQW)) = WQWN QW). Th ere ore in particular 01 6 N(Q(RT)). Now f 
QWWYQW) is semisimple Artinian, and is thus von Neumann regular. It 
follows that there exists ,6 EQ(RT) such that (a - &x) EN(Q(RT)), which 
is contained in N(Q(RG)). Since ,k? E Q(RG), the claim follows. 
By [12, Thm. 2.11, a von Neumann regular ring is either Artinian, or has an 
infinite set of orthogonal idempotents. Suppose the latter is true in this case; 
then in particular Q(RG)/N(Q(RG)) has a set or ,..., ~~+r of orthogonal idem- 
potents. Since N(Q(RG)) is nilpotent, these may be lifted to a set e, ,..., ern+r of 
orthogonal idempotents of Q(RG) ( see, for example, [2, Chap. VIII, Sect. 41). It 
follows that the right Goldie dimension of Q(RG), and hence of RG, is greater 
than m, contradicting the observation made in the second paragraph of the proof, 
that the right Goldie dimension of RG is at most m. Hence Q(RG)/N(Q(RG)) 
must be Artinian, and (i) is proved. 
(ii) Let H be a normal subgroup of a group G such that HE ‘@JR) and 
there exists an ascending series 
H= H,CH,C...CH,CH,,,C...CH, =G, 
where p is an ordinal, H, (i H,,, , and H,+JH, E 9, 0 < 01 < p. Suppose 
G g!@,(R), and let y be minimal, 0 < y < p, such that H, $&JR). Since 
‘!JJ,(R)~ = !&JR), y must be a limit ordinal. However, if T/H is any finitely 
generated subgroup of H,,/H, T _C Ha for some p < y, and so RHP has a right 
Artinian right quotient ring. By Lemma 2.3, RH, has right Goldie dimension 
at most m, and by Lemma 2.2(i), N(RH,,) = N(RH)I?H, . By an argument 
similar to that used in the first part of the proof, we deduce that H, E p,(R), a 
contradiction. Hence G E !&JR), as required. 
We now aim to apply the general lemmas we have obtained to a particular 
situation, and thus deduce Theorem A. 
Th e proof of the next result being similar to that of [18, Prop. 2.51, we omit 
some of the details. Recall that if S is a ring, a right S-module M is uniform if it 
is an essential extension of every nonzero submodule. Clearly M has Goldie 
dimension n o M contains an essential direct sum of n uniform submodules. 
LEMMA 2.5. Let R be a ring, and let G be a group with a normal subgroup H 
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such that G/H E 2X0 . Then the right Goldie dimension of RH equals the right 
Goldie dimension of RG. 
Proof. By Lemma 2.3(i), we may assume that n, the right Goldie dimension 
of RE?, is finite, and by Lemma 2.3(ii) we may assume that G/H is finitely 
generated? so that by induction on the number of generators of G/H, it suffices 
to prove the result when G/H is infinite cyclic. In G is isomorphic to 
RH[X, X-r; u], a twisted polynomial ring over if G = QII,;~)~ 
G is the automorphism of RH induced by conjug on by g, and WX = Xcr(a), 
0: E RH. By adapting the proof of [18, Prop. 2.4], we can show that if E is a 
uniform right ideal of RH, then E[X, X-l; CT] is a uniform right ideal of RG. 
By assumption, RN is right finite dimensional, and so there exist uniform 
right ideals E1 ,. . . , En of RN whose sum is direct, and E = X:=1 Ei is an essentiai 
right ideal of RH. Thus EG = CrzI E,G . 1s a direct sum of uniform right ideals 
of RG, and to complete the proof it is sufficient to prove that EG is an essential 
right ideal of RG. ‘This is immediate from [3, Lemma 2.51, since H is a normal 
subgroup of G. 
Let Q denote the class of finitely generated groups; note that 
?I, 
kEMMA 2.6. Let R be a right order i% a right lb&ian &g, m a pcsitiw 
ilzteger, and N a normal subgroup of a group 6. &ppGse Gj 
E “$IT,,~(R). Then G E q,(R). 
P7oof. y Lemma 2.5, it is sufficient to prove that RG has a right Artinian 
right quotient ring. By arguing by induction on the number of generators of 
G/H, we may assume that G/H is cyclic, so that as in the proof of Lemma 2.5, 
RG is isomorphic to RH[X, X-r; CJ], CJ E Aut(RN), and the resdt is now an 
immediate consequence of [ll, Theorem 1.31. 
LEMMA 2.7. Let R be a ring, H a normal subgroup of a group G such tkat 
N(RH) is kpotent, and G/H E Q n 5?l, . Then N(RG) = N( 
Proof Since N(RH)RG is nilpotent, we need only prov 
~~-(~~)~G. Suppose that this is false, and choose /3 E N(RG) 
i supp p 1 minimal. By induction on the number of generators 
assume that G/H is cyclic, say G = (H, x). Without loss of generality, we may 
assume *B = EL, ,&xi, where n > 0 and &, f 0. 
Since (RGfiRG) is a nilpotent ideal, say (PIG/3 G)” = 0, we have for all “ii ) 
“/i E RET, i = l)..., t, 
70 KEN~T~ A. BROWN 
where 77 = Cl0 rfjxj, r is some nonnegative integer, and Q E RH, 0 <j < Y. 
Hence n:=r (E~,&~~) = 0, so that /3,, E N(RH), and 
(/? - ,&,) E N(RG)‘\N(RH)RG. 
Since / sup&3 - &)I < j supp j3 1, by choice of /I we have a contradiction. 
The proof of the lemma is thus complete. 
Repark. Lemma 2.7 is false without the assumption that N(~~) is nilpotent. 
For example, let G = C, 1 C, , the standard wreath product of a cyclic group of 
orderp and an infinite cyclic group, take R to be the field ofp elements, and let W 
be the base group of G. Then G/H is infinite cyclic, RG is semiprime by [16, 
Thm. 3.71, and N(RN) is the augmentation ideal of RH. 
LEMMA 2.8. Let R be a ring, and H a subgroup of a group G, such that iV(RH) 
is nilpotent. If there exists an ascending series 
H = H~CH,C...CH,CH~,,C...CH~ = G, 
zuhwe p is aa ~d~~a~~ H, 4 H,,, , and H,,,/I& E BY& , 0 < Q: < p, then 
N(RH)RG = N(RG). 
Proof. By Lemma 2.2( ), t i i is enough to prove the lemma for p = 1. Let (5 
denote the class of groups which satisfy the property: 
U 4 V, V/U E ES?, N(RU) nilpotent 3 N(RV) = N(RU)RV. 
Thus (5Za n S) C G by Lemma 2.7, and Lemma 2.2 shows that 6 is & and 
L-closed. The result follows as in Lemma 2.1, since B9& = B(%, A (55). 
Now let R be a ring which has a right Artinian right quotient ring of right 
Goldie dimension n, and let m be an integer greater than or equal to n. We have 
THEOREM 2.9. S&(R)(B&,) = ‘+3,(R), in the above notation. 
Proof. We apply Lemma 2.1. Note first that B‘Q, = B(%,, n Q), and by 
Lemma 2.6, ‘@JR) -= ‘?&JR)@&, n 6). Let ‘QJ b e a class of groups contained in 
B(‘&, n 6). By Lemma 2.8, 9J satisfies hypothesis (b) of Lemma 2.4. Hence if 
‘$,(R)~ = cP,(R), we deduce from Lemma 2.4 that am = $.3&R) and 
~~(R)(~~) = %n(JQ Th us it follows from Lemma 2.1 that 
Pm(R) With, n 6) = ‘@AR> 
as required. 
P7oof of Theorem R. Let G be a group with a normal subgroup H such that 
HE 5&.(R) and G/H E 93. Let 
H-=W,CH,C..,CH,CH,+,C...CH,=G (1) 
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be an ascending series from H to G, where p is an ordinal, Ha c Ha+.I : 
O<=<p,Ji a+riHa is either finite or a member of 5%” ) and the product of the 
orders of the finitely many fmite factors in (I) is precisely 712G,B . 
We prove first that the right Goldie dimension of .RG is less than or equal to 
v . maZ6jN , arguing by induction on p. That is, we shall prove that, for all ordinals 
a, 0 < a < p, 
right Goldie dimension RN, < Y s mHala _ (21 
Note that for all such ordinals 01, the product of the orders of the finite factors 
H%,+l/HV ) y < a, is precisely mH,iIi , by our choice of the series (1). Suppose (2) 
is false, and let 01, 0 < a: < p, be minimal such that (2) is false for H* . By 
Lemma 2.3(ii), cx cannot be a limit ordinal, so that (n - I) exists, and either 
910f or .Ef,/Hz_, is finite. If H,/Z&, E QIo , we claim that 
right Goldie dimension R’P;T,-, = right @oldie dimension RM, 
This follows from Lemma 2.1, taking !I% to be the class of all groups [F such that 
the right Go!& dimension of RT is less than or equal to the right Gddie 
dirn~~sio~ of R&-i , and applying Lemmas 2.3 and 2.5. If HJHz1_1 is finite, say 
j HE/Ha, / = f, then 
and RE& is a free RH,_,-module of rank t. Thus 
and so a fortiori, 
In all cases, therefore, we have obtained a contradiction to our assumption that 
(2) is false, and so 
right Goldie dimension RG < P . mciH . 
We now prove by induction on p that the right quotient ring ~(~~~ exists and is 
right Artinian. Suppose the result is false, and let 7 be the least ordinal, 
0 < T < p, for which RH7 fails to have a right Artinian right quotient ring. 
&%se fi). If +r is a limit ordinal, @RN,) exists, since we can put ~~~~~~ = 
uBCT ~(~~~), as before. There exists an ordinal y < 7 such that for ail ordinals 
9, Y < B < T’, .;“a;+1163 E IQ% > since there exist only finitely many finite factors 
72 KENNETH A. BkOWN 
in the series (1). By Lemma 2.8, N(RH,.) = N(RiH,)RE& . Since for all ordinals 
6 Y G P < 7, Qwd exists and is right Artinian, we may use an argument 
similar to that used in proving Lemma 2.4(i) to deduce that Q(RH,)/N(Q(RH,)) 
is regular, and so right Artinian, since Q(Rf17) is known by the first part of the 
proof to have finite right Goldie dimension. Hence Q(RH,) is right Artinian, and 
7 cannot be a limit ordinal. 
Case (ii). If 7 is not a limit ordinal, (T - 1) exists, RH,-, has a right Artinian 
right quotient ring, and H,/H,-, is either finite or a member of RX,, . If 
H,/H,_, E B%,, , then it follows from Theorem 2.9 that Q(RH,) exists and is 
right Artinian. 
If H,/H,-, is finite, we may form the ring of quotients 
S = RHT ORH,-~Q(RK-J, 
which is finitely generated as a right module over Q(RH,_,), a right Artinian 
subring of S. Hence S is right Artinian, so that in particular every regular 
element of S is a unit. Since S is by construction a partial right quotient ring of 
RHT, we conclude that S = Q(RH,), and so we have obtained a contradiction 
in this case also. 
Thus the theorem follows by transfinite induction. 
3. QUASI-FROBENIUS QUOTIENT RINGS 
In this section we shall prove Theorem B; our main tool will be the following 
result, extracted from [7, Theorems 3.9 and 4.21. 
THEOREM 3.1. Let S be an ordiv in an Artinian ring Q(S). Then Q(S) is 
quasi-Frobenius * (i) there exists a direct sum of uniform left ideals in S containing 
a regular element; 
(ii) there exists a direct sum of uniform right ideals in S containing a regular 
element; 
(iii) @N(S)) = r&V(S)). 
Proof. From the proof of [7, Theorem 3.91, it is clear that if Q(S) is known to 
exist and to be Artinian, then conditions (i) and (ii) imply that Q(S) is a QF - 2 
ring, and then [7, Theorem 4.31 shows that (iii) implies that Q(S) is a quasi- 
Frobenius ring. 
The converse is proved exactly as in [7]. 
In Lemmas 3.2-3.5 R denotes an arbitrary ring with 1. We extract the next 
lemma from the proof of Lemma 2.5, which of course is based in turn on 
[Is, Prop. 2.51. 
%EMMA 3.2. If H is a normal’ ~bgr5up of a group g;, G/_Fd E @3 n ‘&,>3 and 
hi is a ~~~~~rrn ight ideal of RH, then UG is a unzj?wm kght ideal of RG. 
The proof of the next lemma is left to the reader. 
From Lemma 2. I and the above two lemmas, we deduce 
Pm$ \Ve shall prove the second identity. Let {si : i E dj be a transversal to H 
in G, and su.ppose /3 = Citr &gi c r~o(N~~G)), where pi E WHY for all I E It and 
& = 0 for all but finitely many i E f. Since ~~(~~~) L .ii(RGf, ,B, E ~~~(N(~~)? 
for all i E I, so that r&N(RG)) C ~~~(N(~~))~~. 
Converseiy, if j3 = Cisl. pigi E rRH(N(RH))RG, whe : E Yi?fA ) fcx all 
2’ E I, and pj = 0 for all but finitely many i E 2, and y - I %m E ) where 
yI E N(RH) for all j E I, and yj = 0 for all but finitely many j E 1, then clearly 
$ II. 0, and the lemma is proved. 
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and that there exist elements c, d E V&O) such that 
where Ui (respectively, V,) is a uniform right (respectively, left) ideal of RR, 
1 < i < E {respectively, 1 <j < m). (In fact we always have n = RZ, but we shall 
not need this in the present proof (see [7, Cor. 3.8]).) 
By Lemma 2.8, N(RG) = N(RH)RG, and so by (3) and Lemma 3.5, 
G&VW) = YRG(WG)), 
so that (iii) of Theorem 3.1 is satisfied by RG. Furthermore, c EC:=, U*G, and 
this sum of right ideals of RG is easily seen to be direct. By Lemma 3.4, U,G is a 
uniform right ideal, 1 < i < 92. Since c E +ZBH(0), c E U,,(O), as remarked before 
Lemma 2.4. Thus we see that condition (ii) of Theorem 3.1 is satisfied; similar 
remarks apply to condition (i), and so Q(RG) is a QF-ring, as required. 
The next lemma, which allows us to deal with finite factors, is [9, Lemma 3.83, 
or alternatively it can be proved by a suitable adaptation of [4, Prop. 7, Prop. 8, 
and Thm. 4.11. 
LEMMA 3.7. Let H be a normal subgroup of finite index in a grozlp G. If RN is 
an order in a QF-r&g, the% RG is m order in a ,QF-r&g. 
Proof of T~~o~~ B. Suppose the theorem is false, so that there exists a ring 
R and a group G with a normal subgroup H such that G/H E 23, RH is an order 
in a QR-ring, but RG is not an order in a QF-ring. There exists a series 
H==ljy,CH,C...CH,CH,,,C...CH, =G, (1) 
where p is an ordinal, I& G El,,, and H,+l/Hu is either finite or H,+,/E-I, E B%,, , 
0 < 01 < p, such that Hw,,/H, is finite for only finitely many ordinals a. By 
Theorem A, Q(RH,) exists and is Artinian, for ah /3, 0 < /3 < p. Let y be the 
least ordinal, 0 < y < p, for which Q(RH,,) is not a Q&ring. By Lemmas 3.6 
and 3.7, it is clear that y must be a limit ordinal. Since there are only finitely 
many finite factors in (l), there exists an ordinal 7 < y such that for all ordinals 
/3, 7 < p < y, H&H8 E I?9& . Since Q(RHr) exists and is a Q&ring, we deduce 
from Theorem 3.1 that Rl!& satisfies conditions (i), (ii), and (iii) of that theorem. 
By Lemma 2.8, N(R&,) = iV(RH,)RH, , so that Lemma 3.5 implies that 
rRHY(N(IpH,)) = +$N(RHy)). Similarly, from Lemmas 3.3(ii) and 3.4 it 
follows that RN, satrsfies conditions (i) and (ii) of Theorem 3.1. We now deduce 
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from Theorem 3.1 that Q(RH,) is a QF-ring, and this contradiction establishes 
Theorem B. 
In particular, if la and G satisfy the hypotheses of Theorem B, Q(WG)ocxc, is 
an injective module. Indeed, Q(RG),, is injective, so that Q(RG)RG is the injec- 
tive hull of RG,, , and Q(RG) is the maximal right (and left) ring of quotients 
G [23, p. 2901. To make these observations clear, we state a well-known 
lemma, whose proof is elementary. 
Let S be a ring, M a right S-module, and put 
T(M) = (m E M: mc = 0, some c E %?JO)). 
It is easily seen that if S has the right Ore condition, a(M) is an S-submodule of 
M; if M CF for some free S-module F, then clearly T(M) = 0. If T(M) = 0. 
then n/z, is a submodule of (M OS Q(S)), . 
LEMMA 3.8. Let S be a ring satisfring the right Ore condition, and let Q(Sj 
denote the classical right quotient Ang of S. If M is a right ~-rnod~~e szkch that 
T(M) = 0, the injective hull of M is the Q(S)-injective ~2~1~ of (M OS Q(S)). 
If Q(S) is a QF-ring alzd M is a submodule of aJfree S-module F, the inject&e hull 
qf M is L OS Q(S), where L is the maximal essential extension of M in P. 
4. CONSEQUENCES OF THEOREM A, m AN EXAMPLE 
In this section, we collect together some miscellaneous applications of 
Theorem A. 
First, we shall prove a corollary of Theorem A for group rings of soluble 
groups. Lewin [14] has shown that if K is a field and G is a torsion-free soluble 
group such that KG is a domain, then KG is an Ore domain. Thus if the Zero 
Divisor Conjecture (Z.D.C.) is true for such group rings [16, p. IlO], one ought 
as a first step toward a proof of the Z.D.C. to be able to prove that, if K and G 
are as above, then @KG) exists and is Artinian. This prompts the following 
question: Which group rings of soluble groups have Artinian quotient rings 7 
heorem A does not enable us to answer this question; the di 
dealing with infinite locally finite factors T/H, where II Q T C G. However, if 
we impose suitable finiteness conditions either on the locally finite factors, or on 
the torsion-free Abelian factors, occurring in a series between (1) and G with 
Abelian factors, then Theorem A is sufficient to provide an answer. 
If A is a torsion-free Abelian group, the rank of A is dim0 A @ Q where Q 
denotes the rational field. If 13 is any Abelian group, we shall call the rank of 
B/T(B), where T(B) is the torsion subgroup of B, the rank of B. 
THEOREM C. Let G be a soluble group, R a ping with a right Artinia-PI right 
quotient ?Gzg. 
(if 1f G lzus a s&es 
1 = H~CH,C...CH,CH,,,C..*CH, = G, (4) 
wke~e n is a nonnegative integer, Hi <1 Hi+% , and Ha+JH+ is either jnite w 
torsion-free Abe&an, 0 < i < n, thlzen RG has a rig& A&&ua Tight patient ring. 
(ii) If G has a se&es 
1 -=H~CH;C.*,CHiCH,i,C...CN, =G is> 
where n is a nonnegative integer, Hi 13 G, and H6+I/H3 is Abelian ofj?nite rank, 
0 < i < n, then RG has a wght Artinian right quotient ring + L(G), the maxiwml 
normal locally Jinite subgroup of G, is jfinite. 
Proof. (i) This is immediate from Theorem A. 
(ii) If G has a series of type (5), and L(G) is finite, then by [ 15, Theorem 33, 
G has a series of type (4), and the result follows by (i). 
Conversely, suppose that L(G) is infinite. If H is a finite subgroup of 6, it is 
easity seen that rBG(&R h) = hG, where h denotes the a~grne~~a~~o~ ideal of 
RH. It follows that RG cru-umt have the rn~~urn condition on right annib& 
tom, and so in ~ar~i~ul~ RG cannot have a right A~~inian quotient ring. 
reparks. (i) By using a generalization of the result of Mal’cev used above 
f17, Lemma 9.34], it is possible to prove a stronger version of (ii), in which G 
is assumed oniy to be radical, rather than soluble. However, since our main 
purpose in stating Theorem C is to illustrate to what extent we can answer the 
question raised at the beginning of Section 4, we shall not pursue this further. 
(ii) Theorem C suggests that our question may have the fol~ow~g answer: 
Conjecture. If K is a field and G is soluble, KG has an A&&n quotient 
ring CJ G has no infinite locally finite subgroups. 
We now give an example which illustrates the limitations of Theorem A. This 
example will also answer a question of Lazard [13]. Following Bass, Lazard 
defines a projective module 9 over a ring S to be uniformly big if d,(P), the 
minimal number of generators of P, is an infinite cardinal, and d,(P) = d&,(P,iPM) 
for all maximal ideals Mof S. In 113, Sect, V], he asks the question: Are uniformly 
big projective modules always free I The fdowing exampie shows that this is 
not the case; indeed it will become clear that9 to construct a &ou~~erex~pIe, it 
is enough to find a sing which is a countable union of simple Artinian subriags, 
and is not itself Artinian. 
EXAMPLE 4.1. Let C, denote the infinite cyclic group, and C,, the Priifer 
group for some prime p. Let G.= C, 1 C,, , where 1 denotes the standard 
wreath product, and let: K he any field. Let A denote the base group of G, so 
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that A is a free Abelian group of infinite rank, and G/A is isomorphic to CT,= I
There exists an ascending chain of normal subgroups of G 
A = & c Hl c -‘*CHicH,,,C--C 
where for i 2 4, Hi/A is isomorphic to CPi . 
Now the nonzero eIements of K.4. are regular in KG, and since A is Abelian, 
Q(KA) exists and is a field. By [22, Lemma 2.67 KE& satisfies the right Ore 
condition with respect to GYKA(0), for all i >, 0, so we may 
quotient ring Qi of KH, with respect to 9TKA(Q). Since i 
fmitely generated as a right (and left) module over Q(Ki$), 
Qa , so that Qi is the Artinian quotient ring of KE& _ If i <j, Qj contains an 
~so~~orpb~~ copy of Qzi , so we can form Q = yTzOQi; Q is easily seen to be the 
quotient ring of KG. 
Since Hi has no finite normal subgroups, KN, is prime, for all i > 0, by- 
[4, Theorem $1. It follows that QC is prime, and thus Qzi is simple, for all i > 0, 
so that Q is also simple. Now since G has infinite locahy finite subgroups, it 
follows by the same argument as that used in the proof of ‘Theorem C that KG 
cannot have the maximum condition on right annihilators. Hence Q is not 
Artinian. 
Q is right (and left) hereditary. For Q is a countable union of simple ~t~n~a~ 
rings, and so every Q-module M can be viewed as a countable direct Emit 
liamai (MJo, of Q$-modules IW$ , where MS is sim M regarded as a Qi-module. 
Since Mi is a projective Q,-module for all i 3 it follows from [I] that the 
projective dimension of Mo is at most one. H the right global dimension 
ofQ is at most one. However, the right global dimension ofQ is greater than zero, 
since Q Es not semisimple Artinlan, and so the right global dimension of Q is 
precisely one. 
Now let P be any right ideal ofQ which is mot fmitel~ generated. For example, 
we could take P to be the right ideal of Q generated by the augmentation ideal of 
a Prufer subgroup of 6. Since Q is right hereditary, P is a projective Q-module, 
and since Q is simple it is trivial that 9 is uniformly big. We claim that is not 
free. Suppose that P is free; then there exists a Q-monomor~~~sm 4: Q --j P. Let 
&‘l) = E E P. Thus c is a right regular element of Q, SQ that c has a~ inverse 
C-I E Q. Hence I. = cc-l E P, so that P = Q, co~~~radic~i~~ our choice of .P. 
Thus P, is a uniformly big projective module which is not free. 
Now let 63 be a torsion-free soluble group, let C be a normal subgroup of B 
such that B/C is locally finite and countable but not finite, and let K be a field. 
Suppose that KC is an order in a simple Artinian ring. Then by the arguments of 
Example 4.1, KB has a quotient ring Q(KB) which is simple, hereditary, and is 
a union of simple Artinian rings, but Example 4.1 shows that these properties 
alone are not suf&ient to ensure tbat Q(KB) is Art~~~a~~ and Theorem A 
provides no means of dealing with this s~~~at~o~~ 
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We mention in passing some easily proved consequences of Theorem A. Let R 
be a ring and suppose GE 112. Then 
(i) if R has a right Artinian right quotient ring, RG has maximum and 
minimum conditions on right annihilators; 
(ii) if R is righ t G Id o ie and RG is a prime ring, RG is strongly prime in the 
sense of [S]; this follows immediately from [S, Theorem 1.11; 
(iii) Theorems 5.1 and 5.2 of [22] apply to RG. 
Small has shown [21] that it is not true in general that a right Noetherian ring 
is a subring of an Artinian ring. We shall now prove that if G E % and R is a 
commutative domain, RG is a subring of a simple Artinian ring; in particular, it 
follows that groups in 9 are linear over division rings. The method involves 
forming a wreath product; again A t B will denote the standard wreath product 
of two groups A and B. For a ring S and nonnegative integer n, M%(S) will 
denote the n x n matrix ring with entries from S. For a group H, we denote by 
A(H) the set of elements of H having only finitely many conjugates; d(H) is a 
characteristic subgroup of H. It is easy to see that the center of a group ring RH 
is always contained in RA(H). 
THEOREM 4.2. Let R be a commutative domain, GE %. Put m = m, , and 
take n 3 1. Then M,(RG) is a subring of a simple Artinian ying T. Furthermore, T 
is isomorphic to n&,(D), where D is a division ring whose center is the quotient 
jield of R. 
Proof. Since G E %, clearly H = C, 1 G E !I$ and G _C H. Further H has no 
nontrivial finite normal subgroups, so that RH is prime, by [4, Theorem 81. 
As in the proof of Theorem A, the right Goldie dimension of RH is less than or 
equal to m, and Q(RH) exists and is simple Artinian, of Goldie dimension at 
most m. It follows that RN C M,(D), where D is a division ring, so that 
M,(RG) C M,(RH) CM,,(D), 
as required. 
For the last part, we may clearly assume without loss of generality that G is 
infinite, so that A(H) = 1, and the center of RH is R. By [16, Theorem 7.41, the 
center of Q(RH) is the quotient field of R, and the result follows. 
It is of course a consequence of the above that the group of units of Mn(RG), 
where R, G, and n are as above, is linear over a division ring with center R. 
We finish with an amusing result which employs essentially the same idea as 
Theorem 4.2. If S is a ring, we will denote the maximal right ring of quotients of 
S by Qmax(S) (see [23] for details). We denote the right singular ideal of S by 
Z(S)* 
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%EQREM 4.3. Let G be a group and K a jield. Then *u16= is a subrizg of a 
simple, right self-injective, von Neumann regular kg whose center is R. 
p”Poof. Without loss of generality, we assume that G is infinite, and put 
N = CT, 1 G, so that KG C KH. Let A denote the base group of Irs”; A is thus 
free Abelian of rank j G 1. By /14, Lemma 21. I and the proof of Theorem 21.2(iv)& 
then In KA # 0. Hence by f2, Corollary 2.61, Z(KH) = 0, 
hap. XII, Prop. 2.2 and Chap. XIV, Prop. 4.21, ~~~~(~~~ is 
von Neumann regular and right self-injective. 
Since d(H) = 1, KH is semiprime and the center of .KH is K, so that, by 
[5, Theorem 141, the center of Qm&CH) is also K. It remains to prove that 
~~a~(K~) is simple. Note first that &,(KA) = @AZ), a field. By [S, 
theorem 21, since A 4 H, the field ~(~~~~ is contained in ~~~~(~~). Let 
cs # 1 c ~~a~(K~). %xe (~~~(K~))~~ is an essential extension of KHKH ( 
In KIT is a nonzero two-sided ideal of KH. As above, we deduce that 
ence I contains a unit of&&KH), and it fohvs that Qmax(KH) 
is simple. 
Note added zk proof. We have recently learned that A. Horn has obtained independently 
further special cases of Theorems A. and B (see A. HORN, Twisted group rings and quasi- 
Frobenius quotient rings, Arch. I@&. 25 (19751, 583-587). 
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